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3'#�"�+#$ %(  #��"$ 7("&-1� �P�/"$-. �+�"6�%* �%#'/7+*$: ,* $1#�+#$ %+Q
Q+ � - �/�+ '/-$��-1� �%#'/7+*�  "�1!(1+ /�6+ � /%�"�-. -.���'�+1 *0�"'����
-�+,�"+1 2 R+ ,* $5��Q+"�� /6� ( �/�!"�'"+: !�� #'!0� ' � ��S!"�+ "�/&�-. - S/T%'%���')-��-.: "� ,* $&P�! %�&�-. 1�&�� � 5(! �"+ /9 � ���� !�-. %$,( δ U-%(%�- $ β V+,.+�2W6+! �+#$ &'* $/%�X  ��"�'�+1 %+'*�� '/-$��-1� "�+�!��5�%$- "$-.2 87+&%$
"�+��"�'�+ /9 � �"%+*/(19-$-. "�/  �/%'/'��"��-. "�+��+�&�+2Y'&��"6�  #��"6+ '!�+�')-� 7'%'/7+*$ '! -+"%*(# ���� !$:  ��6� �"6�  #'!+#
'/-$��-1�: ',�/(1+ � 0*Z

δR ≡ ξr = R<[εY m
` exp(−iωt)], (7.1)

� &%0*$# ε
1+/% !'�'�"6�: 5$�+ %$�&' '!,'��+!"�' #�P6�: ��+�&')-�6�  +/,'�'"92R+'*�� ��"�'�� �$ "�- � 1+!$"�+ � ��6+!"+ �#,��%(!$ � *0Q"�-+ 7� *0Q"$-. ,�*�#+%*0�

',�/(19-$-.  #�+""')X ���� !$23* $  �"�+!5�"�( *'%�-1�:  [\2]^ �$"�&�1 6� "�/%6+,(1 6�-+ �$*�Q+"�+ "� /&P�!'�6�
*�!���"6� ,*6+!&')-�Z

vr = Rω=[εYm
` exp(−iωt)]. (7.2)

U&9! �  [_2`\^ #'Q"� !'/%�X � 0* "� /&P�!'�+ .'*$ '"%��"+ � '/%�%+- "�+ "�
,'�+ ,*S!&')-� #�#$

vH = αH∇Hvr, (7.3)
�! �+

αH =
1

3σ2
=

GM

R3ω2
(7.4)

a#��"� /&P�!'�+1 "'*#��"+1 /%*(#�+"�� ,*'#�+"�'��"��: Fn
: &%0*6� � ,* $T5��Q+"�( ��"�'�$# 1+/% *0�"� /&P�!'�+1 *�!���"+1 : !�"� 1+/% ,* + 

4πR2δFn

L
= 4

δTeff

Teff
= <[εfY m

` exp(−iωt)]. (7.5)

a+/,'�'"9 ��+�&')X f #'Q"� �$ "�- $X !*'�6� '5��- +4 "�+�!��5�%$- "$-. !��
'!,'��+!"�-. #'!+�� ���� !2 3'*0�"(19- �$*�Q"�� [\2]_^ � [_2]b^ ��! �#$: Q+
 �-.'! � f = y6(R) − 2
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��*%')X f #'Q"� %�&Q+ �$ "�- $X ,0PT+#,�*$- "�+ �$&'* $/%(19- ,'#��*$� ��+�( ,�/#�-. 7'%'#+%*$- "$-.2 �'Q"� 19 �%+!$ �$&'* $/%�X 1�&' "�+ ��+Q"+
/+1/#�- "+ '�*�"�- +"�+ "� #'!+� ���� !$ [!'&P�!"�+ 1+1  +�"S%* "$-.^: ' - $#
5S! �+ 1+/ - + #'��2

� ,* $5��Q+"�( �(�/��!��5�%$- "$#:  &%0*+�' #'Q"� &'* $/%�X 1+!$"�+ !'
'-+"$ * 6+!( ��+�&')-�: !'/%�1+#$  ��*("&( 5* +�'�+�' [_2`�^:

f = 4∇ad
δp

p

(

δR

R

)−1

= −4∇ad

(

4 + 3σ2 −
`(`+ 1)

3σ2

)

(7.6)

a %+�' � '*( �$"�&� ��Q"$ �"�'/+&: Q+ !�� �$/'&�-. * 6+!0�  �*0�"' #'!0�
, [σ � 1

^ 1�& � � [σ � 1
^ #�#$ f � 1

2 -' ' "�- � Q+  #��"$ %+#,+*%(*$ /9�P0�"$# �*0!P+#  #��" 1�/"')-� ���� !$2��� �$��- +"�� ��+�&')-� '5/+*�'���"$-. �$�'!"�+ 1+/% ,* +1)X !' (&P�!(�/,0P* 6+!"$-. /7+*$- "$-. (r, θ′, φ′)
: � &%0*$# ') 5�+�("'�� 1+/% /&�+*'��"�&( '5/+*��%'*'��2 U7+*$- "+ .�*#'"�&� %*�"/7'*#(1 6� /�6+ �+!P(� � '*(

Y m
` (θ, φ) =

∑̀

m′=−`

d`
mm′(θO, φO)Y m′

` (θ′, φ′), (7.7)

� &%0*$# �/,0P- $""�&� d`
mm′

:  ��+Q6� '! &6�%0� �$ "�- �1 6�-$-. &�+*("+& !'
'5/+*��%'*�2 V�P&'��"�+ ,' !$/&( ,* +Q$1+ %$�&' /&P�!"�& m′ = 0

: !�� &%0*+�'
#�#$

d`
m,0 = Y m

` (θO, φO)

√

4π

2`+ 1
, (7.8)

�! �+:  (� ��S!"�+"�+# *'%�-1� ���� !$: φO = φO,0 +Ωt
2 �'!(��-1� �#,��%(!$

 ��9 �"�  *'%�-19 "�+ 5S! �+ �/%'%"� ��S-: !�� �$�'!$: � !��/ $-. *' ��Q�"��-.
,* $1#(1+#$ φO = 0

2 a []2b^ �$"�&�

Y 0
` (θ′)

√

4π

2`+ 1
= P`(cos θ′),

�  �%+# �$��- �"�+ �/ $/%&�-. ��+�&')-� ,' /-�P&'��"$-. ,' %�*- $ ���� !$
#'Q"� /,*'��! �X !' -�P+&  ���+*�19-$-. ��+�'#��"$ Y+�+"!*� � �$*�Q+"�+ "�
,'-�+#"�+"�+ 5* +�'�+2
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Y'&��"� ,*6+!&')X &( '5/+*��%'*'�� !�"� 1+/% � '*+#Z

vO = vr cos θ′ − vθ′ sin θ′.

a (Q$-�+# [\2`^: [\2
^ � [\2\^ !'/%�1+#$

vO = |ε|ωR sin(ψε − ωt)
∑̀

m′=−`

d`
mm′N

|m|
`

(

cos θ′P
|m|
` − αH sin θ′

dP
|m′|
`

dθ′

)

(7.9),
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�! �+ψε
' "�- � 7� S ε :N |m|

`
- $""�& "'*#��� (19-$ /7+*$- "+ .�*#'"�&� [*0�2]2b^:

�
P

|m|
`

/%'��* $/ '"9 7("&-1S Y+�+"!*�2 V�P&(1 6�- ,* $- $"&�  *0Q"$-. - 6+)-�
%�*- $ #(/�#$ (� ��6+!"�X  "'*#��� '��"$ - $""�& ,'-�+#"�+"�� 5* +�'�+�':
hλ(µ)

: !�� *' ��Q�"+1 ��"�� ��!#'�+1 �! �+ µ = cos θ′
: �

λ
1+/% !P(�')-�6� 7���2

� #'!+�( 8!!�"�%'"� - $""�& ,'-�+#"�+"�� 5* +�'�+�' �$"'/� h = 1 + 1.5µ� 1+/% "�+ ��+Q$ '! !P(�')-� 7���2 3*6+!&')X *�!���"� -�P+�' !$/&( ���� !$ 1+/%��6+- !�"� ,* + 

Vrad =
1

2π

∫ 1

0

vOhλ(µ)µdµdφ.

3' ,'!/%���+"�( %( [\2c^: /&'* $/%�"�(  +  "�"$-. � '*0�

µP` =
(` + 1)P`+1 + `P`−1

2`+ 1
,

(1 − µ2)
dP`

dµ
= `(P`−1 − µP`)

� /-�P&'��"�(: !'/%�1+#$

Vrad = |ε|ωRN
|m|
` P

|m|
` (cos θO)(u` + αHv`) sin(ψε − ωt), (7.10)

�! �+
u` =

(`+ 1)bλ,`+1 + `bλ,`−1

2`+ 1
, (7.11)

v` =
Λ[(2`+ 3)(`− 1)bλ,`−2 + (2`+ 1)bλ,` − (2`− 1)(` + 2)bλ,`+2]

(4Λ − 3)(2`+ 1)
, (7.12)

Λ ≡ `(`+ 1)
:

bλ,` =

∫ 1

0

hλP`µdµ. (7.13)

a��+Q"')X '! �/,+&%( ',�/(1+ 7("&-1�P |m|
` (cos θO)

2 3* $ '5/+*��-1�  &�+*("&0�
'!,'���!�1 6�-$-.  +*'# %+1 7("&-1� '5/+*��%'* "�+ ��! �  #��" ,*6+!&')-� *�!�T��"+1 2 �� ,* $&P�!  ,P�/ $ "$ *0�"�&'�+1 ,'#��*$  #��" ,*6+!&')-� *�!���"+1
"�+ �$&*$1 6� #'!0� '!,'���!�1 6�-$-. "�+,�* $/%$# ��*%')-�'# `+ |m|

2
87+&% ()*+!"��"�� ',�/(1 6� 7("&-1+ u`

�
v`

: &%0*+  '/%�P$ �$*�Q'"+ ,* + bλ,`
2

R� ��+�&')X ',�/(1+ *0�"�+Q +7+&% ()*+!"��"��  #��" 1�/"')-� 2 �+1  �-.'��"�+� 7("&-1� ` 56+! �+ '#0��'"+ � *' ! ���+ \2b2

<=� �K	HA� DHIAL�C	
a�5(* +"�+ #'"'-.*'#�%$- "+�' /%*(#�+"�� ���� !$ � &�+*("&( !' '5/+*��T%'*� !�"� 1+/% ,* + 

δLλ = R2

∫ 1

0

[

δFλ + Fλ

(

δhλ

hλ
+
δS

S

)]

hλ(µ′)µ′dµ′dφ′, (7.14)

�]



�! �+ Fλ
' "�- � "'*#��"6� /&P�!'�6� /%*(#�+"�� #'"'-.*'#�%$- "+�':

δS

S
= 2

δR

R
+

sin θ′

µ′R

∂δR

∂θ′
(7.15)

1+/% � ��6+!"$#  �5(* +"�+# +�+#+"%( ,'��+* -."� !$/&(: � hλ
�
δhλ

' "�- �19:
'!,'��+!"�':  "'*#��� '��"+ ,'-�+#"�+"�+ 5* +�'�+ � 1+�'  �5(* +"�+2a�- "�1#$ '!  #��"$ 1�/"')-� 5'�'#+%*$- "+1 � #'!+�( 8!!�"�%'"�2 ��#$�%+!$

δFbol = δFn (7.16)

 δFn
!�"$# ,* + [\2_^2 � %$# #'!+�(  #��"� �/,0P- $""�&� ,'-�+#"�+"��

5* +�'�+�' �$P6�- "�+ �$"�&� �$P9- "�+  +  #��"$ &6�%� #�6+! $ "'*#��"6� !'
,'��+* -."� � &�+*("&�+# !' '5/+*��%'*�: #�#$  �%+#

δh =
dh

dµ

sin θ′

R

∂δR

∂θ′
.

3'.'!"9 h(µ) +��#�"(1+#$ -�P&'��"�+# ,* + - S)-� �: ,' /&'* $/%�"�(  []2`^:
!'/%�1+#$

δLbol = |ε|LbolN
|m|
` P

|m|
` (cos θO)bE,`[|f | cos(ψε+ψf−ωt)−(`−1)(`+2) cos(ψε−ωt)],

(7.17)�! �+

bE,` =

∫ 1

0

(1 + 1.5µ)P`µdµ. (7.18)

�' �"%+*,*+%�-1� �#,��%(! � 7�  7'%'#+%*�� ��+�'5�*�"+1 &'* $/%� /�6+  
*+���/%$- "$-. #'!+�� �%#'/7+* ���� !'�$-.2 �� ,'!/%���+ /%�5��-'��"$-.�$"�&0� #'!+�'��"�� �$��- �#$ "(#+*$- "�+ ,'%* +5"+ "�# ,'-.'!"+ �'�T�*$%#�- + Fλ

�
hλ

,' Teff
�
geff

2 �/&��"�& λ *+,*+ +"%(1+ %( ,�/#'2 a#��"�
+7+&%$�"+1 �*���%�-1� � - �/�+ '/-$��-1� !�"� 1+/% ,* + 

δgeff

geff
= −(3σ2 + 2)

δR

R
(7.19)

� /,'/05 ,'!'5"$ 1�& ,* $,�!&( *0�"�"�� [\2]\^ !'/%�1+ /�6+ %+*� 

δLλ = |ε|LλN
|m|
` P

|m|
` (cos θO)bλ,`{αT,λ|f | cos(ψf + ψε − ωt)

−[αg,λ(3σ2 + 2) + (`− 1)(`+ 2)] cos(ψε − ωt)}, (7.20)

�! �+
αT,λ =

1

4

∂ log(Fλ|bλ,`|)

∂ logTeff
, αg,λ =

∂ log(Fλ|bλ,`|)

∂ log geff
.

�`



<=� �MEBJ @�NE
A	HA	H
�$*�Q+"�� "� bE,`

�
bλ,`

: 1+Q+�� hλ(µ) !�"+ 1+/% � 7'*#�+ / +*+�( ,'%S�'�+�':
/,*'��! �1 6� /�6+ !' -�P+& ' "�- '"$-.

J`,k =

∫ 1

0

µkP`dµ,

"� &%0*+ #�#$ � '*$2 V�P&�  "�&�1 6� !�� ` > k
1+)�� *0Q"�-� `− k

1+/% ,�* $/%�2
�+)�� 1+/% "�+,�* $/%� %' !�� `→ ∞

J`,k → (−1)(`−k−1)/2k!`−(k+3/2)

√

2

π
.

���%+�'  �-.'��"�+ b !�� !(Q$-. ��*%')-� `  ��+Q$ /��"�+ '! ,�* $/%')-�2

���
`→ ∞ bE,` →







(−1)
`−2

2

√

2
π`5

�7
`
�/ +�+"

(−1)
`−3

2 1.5
√

2
π`7

�7
`
�/ '!!: , (7.21)

� %�5+�� _ ,'!�"+ /6� ��*%')-� bE,`
� '!,'��+!"�+ ��*%')-� �/,0P- $""�&0�

u`
�
v`

� �$*�Q+"�( "� [\2]�^ "� Vrad
2 � '/%�%"�+1 &'�(#"�+ ,'!�"$ 1+/% �$*� 

c` = (`−1)(`+2)bE,`
: '!,'��+! ���"$  � �+'#+%*$- "$ �&P�! !'  #��" 1�/"')-�2

R�5��-� _Z �/,0P- $""�&� ',�/(19-+ +7+&% ()*+!"��"��  +!!�"�%'"'�/&�#
,'-�+#"�+"�+# 5* +�'�$#

` bE,` u` v` (` − 1)(`+ 2)bE,`� ] �2\�� � T`] �2\�� �2__� �2b_� �
` �2
`_ �2
`] �2\\_ ]2


 �2��`� �2]`\ �2_cb �2�`�
b T�2�`�� �2�`
b �2]_� T�2
\b_ T�2��\�` T�2��_`] T�2�]]\ T�2`]c� �2��\�] T�2��`
b T�2�
]c �2
]`
\ �2��`
b �2��]_� �2�b
\ �2]`�
� T�2��
c] �2���_c �2�]b] T�2`\b

a#��"$ 1�/"')-� ,* $ "�/&�-. ��*')-��-. `
�$"�&�1 6� ,* +!+ �/ $/%&�#  +

 #��" %+#,+*�%(*$ [f � 1
^2 �%+!$ +7+&% ()*+!"��"�� �  #�"�-. 1�/"')-�

',�/(1+ - $""�& bE,`
2 �+�' / $5&�+ #��+"�+ /,*����: Q+ 1�&'  �P'Q+"�+ �$1)T-�'�+ ,* $ �!+"%$;&�-1� #'!0� ,* $1#(1+ /�6+ ,* +��Q"�+ ` ≤ 2

2 �'�� - $"T"�&� �+'#+%*$- "+�' � *�/%�  ` 2 �� ,* $&P�! !�� %$,'�$-. - 6+/%'%���')-�
#'!0� � 5(! �"$-. � ���� !�-. δ U-(%� �

β V+,.+� +7+&%$ '!&/ %�P-�"������ !$  �- $"�1 6� !'#�"'��X ,* $ ` = 5�
\2 �%+!$: 1�& �$"�&�  [\2`]^ !��

�




` ,�* $/%$-. - $""�& *+!(&-1� �#,��%(!$ #��+1+ ∝ `−1/2 : � ��6+- �'�"'2 ��
*$/("&( `_ ,'&� "+ 1+/%  �-.'��"�+ - $""�&� ()*+!"��"�� !�� *0Q"$-. ,�/#7'%'#+%*$- "$-.2

<=� �HNJL�C	
`

O MLJLKEJN		 F	E�L�HIKLFED
a '5/+*��-1�: ',*0- - S/%'%���')-�: #�#$ !�"+ ' �#,��%(!�-.:Aλ

� 7� �-.: φλ
:

- S/%' � ��+�( ,�/#�-.2 ��"+ %+ #'Q"� �$&'* $/%�X !' �$ "�- +"�� /%',"��
#'!(2 a+ � '*( \2`� �$"�&�: Q+ /%'/("&� �#,��%(! � *0Q"�-+ 7� "�+  ��+Q9 �"�
'! �/,+&%(: θO

: �"� %+Q '! �#,��%(!$ ε #'!(2 ��1P�%��+1  '5�- $X ,* +,�/(19-
%+" � 0* !' ,'/%�-�  +/,'�'"+1 2 3* $ '&� 1�: ,* +-.'! �#$ !' '! � ��S!"$-.
 #��" /%*(#�+"�� !'  #��" ��+�&')-� ���� '�+1 [- $""�& T]2���^2

Aλ ≡ Aλ expφλ = 1.086ε̃(Eλ
` −Dλ

` f), (7.22)

�! �+ ' "�- $��)#$
ε̃ = εN

|m|
` P

|m|
` (cos θO),

Dλ
` = αT,λbλ,`�

Eλ
` = αg,λ(3σ2 + 2) + (` − 1)(`+ 2).

3* $&P�! ,'&� �"$ "� *$/("&( `_ '!"'/� /�S !' �!+"%$;&�-1� #'!0� � ���� T!�-. %$,( β V+,.+�2 ��� ���� ! %+�' %$,( ��*%')X ` #'Q+ 5$X �$ "�- '"�  
'5/+*��-1�: 5+ !'&P�!"+1 ��+! $ ' ,�*�#+%*�-. ���� !$ � ��*%')-� f 2 �'#+"$
#'!0� ` = 0, 1

� ` /9 !'5* + *' ! �+�'"+: � ��*%')-� ` > 2 5�*! ' #�P' ,*��T!','!'5"+:  + � ��S!( "� 5�*! ' #�P+ ��*%')-� |bλ,`|
[,�%* �0*"� - S)X *$T/("&(^2 ��! �#$ %+Q: Q+ !'#+"� #'!0� ` = 0

1+/% *' �+�P�2 a�%+#: ,* $ %�&�+1�!+"%$;&�-1�: #�+* '"+ /%'/("&� �#,��%(! � *0Q"�-+ 7� #'�9 5$X �$&'* $/%�"+
!' �$ "�- +"�� *�!���"+�' /%',"�� #'!( � ( $/&�"�� '�*�"�- +4 "� ,�*�#+%*$���� !2 U$%(�-1� 1+/% �""� � ,* $,�!&( ���� ! %$,( δ U-(%�2 �'#+"$ �/ $/%T&�-. #'!0� "�/&�-. /%',"� /9 ��S&/ + � ��S&/ � 1+/% %+Q "�+,+�"')X �$��- �"$-.��*%')-� f 2a�(��Q#$: Q+ ��*%')-� f #'�9 5$X �$ "�- '"+ '5/+*��-$1"�+ 1+Q+�� #�#$
,'#��*$ 7'%'#+%*$- "+ � -' "�1#"�+1 %* +-. ,�/#�-.2 3* $  �!�"$-. ,�*�#+T%*�-. ���� !$ [-.'! � �P0�"�+ ' Teff

^ � .�,'%+%$- "+1 ��*%')-� ` : #'Q+#$ %*�&T%'��X (&P�! *0�"�4 \2`` !�� &��&( ,�/# 1�&' (&P�! *0�"�4 ��"�'�$-. *0�"�4
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